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Sparse approximation methods for optimal control
incl. basis adaptation for max-plus eigenvector methods
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Outline

“Sparse approximation methods for optimal control”

® Optimal control problems.
® Hamilton-Jacobi-Bellman PDEs.
® Feedback solutions.

® Curse-of-dimensionality.

® Towards computational tractability.
® Max-plus methods.
® Optimization methods.

® Relaxation methods.
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Optimal control problem

Cost or payoff

T
el o uh= (e, )= / L(xzs,us)ds + V()
t
subjectto 1z, = + /5 f(xy,uy)do € & ( dynamics )
t
f(z,u) = f(z) + g(z) u

2

fts = f(x87us)

- Ly Input space
%, T) = Z*([t,T); U)

Wi (37) = uefi?}l[f;,T] Ji [\IJ] (:13, ’LL) L(z,u) =1l(x) + % (u, Mu) ( cost)

(u, M "ll-) ( payoff)
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Optimal control problem

4 X
Cost or payoff el o uh= (e, )= / L(xzs,us)ds + V()
t
= 4+ =k '/
Value W;(z) = (S7—+¥)(z) uG;Z}l[t,T] Ji[¥](z, u)
dynamic programming W, = S, W, backward DP
unique semigroup S, = S, Sy So=1I

viscosity solution ..

M.G. Crandall, P-L. Lions
N.N. Subbotin - Hamiltonian H(xz,p) = — in[f' {L(z,u) + (p, f(z,u))}
ucv

= —Il(z) — {p, f(x)) + 5 (p, g(x) M~ g(z) p)

HBPDE 0= —8;?( )+ H(z, Vo Wi(z))  Wir(e) = ¥(z)
feedback solution
Ki(z) = argmin {L(z,u) + (V. W(x), f(z,u))} 5‘3 THE UNIVERSITY OF
uel 2% MELBOURNE



Optimal control problem

t
Cost or payoff dela ) =5 W (e w) = / L(zs,ws)ds + V(xy)
0
Value Wi(z)= (S:V)(x) = sup J[¥V](z,w)
weH|[0,t]
dynamic programming W, , = &, W, forward DP
unique semigroup S = S &y So=71
viscosity solution ..
M.G. Crandall, P-L. Lions
N.N. Subbotin Hamiltonian H(x,p) = — sup {L(z,w) + {p, f(z,w))}
weW

= —l(z) — (p, f(x)) — 5z (v, 9() 9(z)' D)

W,
H|B EDE S 0= a@tt () + H(x, VW (x)) Wo(z) = ¥(x)
feedback solution
Ks(x) = argmax {L(z,w) + (V. Wi_s(x), f(z,w))} 5‘3 THE UNIVERSITY OF
weW ®.3 . MELBOURNE



Optimal control problem

HBPDE 0= —agt/t (z) - Hiz, N W, (z)) Wr(z) = ¥(z)
HJBPDE 0= agt/t () + H(x, Vo Wi(x)) Wo(z) = ¥(z)

curse-of-dimensionality

dimension 3 or 4 at best intractability
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Optimal control problem

HBPDE 0= -"0"() + H(, VaWila)  Wr(a) = ¥()
HjBPDE 0 — %( ) + H(z, Vo Wi(z)) Wo(z) = ¥(z)

max-plus
methods

optimization relaxation
methods methods

sparse finite optimization over decomposition into
elements characteristics LQR problems
[D., McEneaney] [D.,Yegorov, Grune] [D., Basco, McEneaney]
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Optimal control problem

oW,
HBPDE 0=——"(z)+ H(z, Vo Wi(z))  Wr(z) = ¥(2)
oW
HBPDE 0= — " (2) + H(z, VaWe(x)) Wo(z) = ()
dynamic characteristic semiconvex
programming flow relaxation

max-plus linearity

: : minimax solutions game & DREs
& semiconvexity

max-plus
methods

optimization relaxation
methods methods
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Optimal control problem

HIBERE 0= %(m) + H(x, V ,Wi(x)) Wo(z) = ¥(x)

dynamic
programming

max-plus linearity
& semiconvexity

max-plus
methods
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Max-plus methods

Value Wi(z)= (5V)(z)= sup J;|¥V](x,w)
we W [0,t]

Voama tw ¢ 4it
LR

semigroup max-plus linearity

Siyr =8t S Si(YBcRP) =SY®[c®S; P

max-plus a®b=max(a,b) a®b=a+b

: semiconvexity

S¢ W

[McEneaney], ! ;
max-plus fundamental [D.et.al] quadratic basis (-, z)
solution semigroups a =@DPW, = — sup {p(,-) — Wi()}
TEZ
{GF}r>0. {BF}r>0 We =Bgha = sup {4(,2) +a:)

e.g. [D.] “An adaptive max-plus eigenvector method for continuous time optimal control problems.
In Numerical Methods for Optimal Control Problems, Ed. Falcone et al., Springer, 2018

value propagation Wt+7' = Q? Wy ( primal )
Wirr =@RDBE @)W, dual
t+7 — QW -7 @ "' L peitl
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Max-plus methods

: =y
value propagation W/ = D‘P B? D<P W( Ed)s (e.g dual )
Wir = D" ai

dual space function iteration

Qg — B:? ar—1 BEB a = sup {BT(*, C) | a(C)} [McEneaney],
CEX [D. et.al]

with BT(:C) = (D¢ST ‘P(C))(z)

quadratic basis for (uniformly) semiconvex functions

{SO(.7 Z’i)}iEN {zi}ien densein Z

coordinate representation [ek.]i — ak(zz-)

dual space coordinate iteration € = BT ey ( max-plus )

( abuse of notation ) [Brlis = Br(2423)

R Tk vivasiaion
2. MELBOURNE
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Max-plus methods

value propagation W/ = D;l B? DﬂP W( Ed)s (e.g dual )

) v R . T
dual space function iteration

aj. — B:? A1 B?_B a= sup{B,(-,¢) +a(()} [McEneaney],
CEX [D. et.al]

with BT(ZC) = (D¢ST ‘P(C))(Z)

lex]i = ar(z;) {zi}ien densein &
lex)i = [BF ax-1](zi) = sup {B:(2i,¢) + ar-1(¢)}
e
= lil’aﬁt{Br{:i. ;) + ak—1(z;)}
ey 11’1;(}'1\{8-(:, z;) + [ex—1);}

dual space coordinate iteration e = b R ey

( max-plus )

(abuse of notation)  [B,];; = Br (2, 25)
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Max-plus methods

dual space coordinate iteration € = BT CONE ex €ER™ [B.)ij = Br(2, %)

| -I
. -
Toma tw J 40t
# shoos « W%

truncate basis ' R

ie. e e€R {zilicv veN

max-plus method
174

Wi+ (IIJ) ~ I//‘\/’Ic’r(x) — 69 (P(xa z'i) %Y [ak]z 7€ (0,77)
i=1 leali = [Dy ¥](2:)
with Ek = B,,. X é\k—l ke N

iterate

WmPy

ik S5/ THE UNIVERSITY OF
fixed basis known B. € R¥*V a’ ‘ -
< . T .

-
)
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Max-plus methods

er=B-®ex_1

k— o0

max-plus method W(a:) — Woo(:c) = GB o(z,2;) ® [ex)i
=1

fixed basis

known B, € R¥*”
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Max-plus methods

1% I e o~
max-plus method W(z) = Wo(z) = P o(z,2) @ [Exols : _ABT? ;:lg
i=1 7 koo

RSO . SR ¢ V3 »
~computation O #1 4 { i }i< v VEN
B —.».-‘J_,,o,«,-- —on R A ! o —

Y Z) - %(‘T — &y ./\/((.T — Z)) J\/’ — JM’ G Ran

&1\’5 THE UNIVERSITY OF
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Max-plus methods

max-plus method W(z) = We(z) = P oz, 2:) @ [Exols : =ABTS ?;13

B T]lJ (D ST (2 ))(Zz,) p(z,2) = :

eg L(z,w)=I(z)- %fl-w@z g(z) = o € R*"*™ H(z,p) = —l(z) — (p, f(z)) - # PR 5

<1 — s ./\/[(J — Z)> M = JM’ e R*xn

b |-

t e 0,7
)+ H(z,V.V{ (2)) V(2)=p(z,2) weR”

T

J
HJBPDE 0= 2

gg THE UNIVERSITY OF
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Max-plus methods

v E . = —~
max-plus method W(z) = Weo(z) = P o(2, 2) ® [Eools : _ABTED ;:lg
1=1 = k— o0

{Z.,i}.,jgu velN

p(z,2) = %(1 —z,M(x—2) M=M R

:' lwl*  g(z) =0 € R*™*™  H(z,p) = -Il(z) - (p, f(z)) — 52z (p, 0’ p)

' ""t.(;l') = (S{ ap(, ZJ'))(;IT) ( “:,“.3?<',‘!*ﬁ,:'"j,’ =:_>§>iﬁ'§fi‘ii: control pi‘w"’:‘; m )
HJB PDE 0= t (:E) + H(x,Vy VJ (z)) Vi(z) = o(z, 2;) x € R"
j<v

---- series solution — 7 > () small

[Brlij = (Pp VE)(z) = inf {Vi(2) - (=, %)} = VI(XI) - (X, 2)

z€R™
parameter symbolic 4 nonlinear ODE for s +— X7
selection computations via RK45

( curse-of-dimensionality )

&TS/ THE UNIVERSITY OF
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Basis adaptation

V —~~ = —~
max-plus method W(z) = Weo(z) = P o(x, 2) ® [Eools e
| ; , =:lime
1=1
0.05 N
0
-0.05 ]
0.1
g o 015
= % -0.2-]
-0.25 .
=0.3
-0.35
-0.4.)
._1 1 i 1
3
Example |
2
linear dynamics
1 - . {Z?}?EN(;/ V= 7
I (e S | . [ 05
o ( -1 -1 ) = ( 0 ) % 0 : : : 7 basis functions
() = ; |£|2 v=2 -1} ; i Yi(z) = oz, z:) = %{l — Zi, M(z — z;))
M=02Z -2

o I T [ Ny S (S (S SR sal THE UNIVERSITY OF
4 -3 -2 -1 0 1 2 3 4
x1 2%=%> MELBOURNE



Basis adaptation

v ~ _ B s
max-plus method W(z) = Weo(z) = @ o(2, 2) ® [Eools Ealint ot
. 00 = lim e
1=1 k— o0
0.05 - Hamiltonian back-substitution error

H (MP)

¢4
3‘
Example | ik
2 ~ L] "
linear dynamics T
1 » ™ = = N {zi}ier\\]_<p IV = 47
® or i e, B 47 basis functions
. 2odet 3.5 L"q(.‘r_)ﬁ;;(.r.:,):%{.l‘—z,‘,.M(.l‘—z,-]}
_2. . » -
- [ S S T i i\g THE UNIVERSITY OF
3 -2 -1 0 1 2 3 a
x1 %22 MELBOURNE



Basis adaptation

k
v
max-plus method Wk ()= Wfo ()= @ o(z, zf) ® [E’(;’o]z (using k" iterate of basis )
1=1
local approximation Wk(;[;) — pr (Jj) -+ [é\’;o]z T € 0?/Zk 1 € Nguk

gradient V;,_‘_‘-”"?k(.’lf) = \7’;,..1_.'1.':"(."1_7) =M(x— "}‘)

7

Hamiltonian back-substitution error  h(z, zk) = Hiz, V;l;'gbz-k (x))

Hamiltonian H(z,p) = —Il(z) — {p, f(zx)) — : (p, oo’ p)

22
01 J A‘ . 1t -
h(-, z;) is concave
0- 0.8
-0.1 0.6 :
0.2 0.4f : -
T o4 g 2 b5 4
-05 e g k
-0.6 . -0.4 2
: # basis fns = 1 s
. #steps=4 gk <l convex
2 i * ;
05" = 1 A *
07 ™~ e &5 -1 -05 0 05 1
<f L= ; bt
05 = -05 vertex outside level set S\"' THE UNIVERSITY OF
x1 =1 = 45 ~2 MELBOURNE



Basis adaptation

H(z, V. W*(x)) 4

h(-, zF) is concave

Gradient descent

€€R>(]

Zo="hy(2y) 20 = 2;

Vzh'(yaz)
IV.h(y, z)|| + €

hy(2) = —sgn h(y, z) |

Add a new basis + -
Z: = Zrit\a-"h
(771' )

function )

= sup {7) € (0, 7]

‘----.-.-

o
1 5

.
h(, zf) .

vertex outside
level set

Characteristics
én = VpH(&,, my) o=y
7"'7) = _v:rH(Eq.v 7"1))

o Aq4—1
<“n = éy} = J\A ﬂ'n

n € Rxo

[H(y,p(y,20))| < (1= ) b, }
|H(y,p(y, z)) — H(y,p(y, z:))| < pou

€ Rso, p€(0,1)

a-priori fixed

N
' L 3
«
L )

R Tk vivasiaion
2. MELBOURNE
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Basis adaptation

~
~
s

gradient descent Vzh,(-’ zf) — M (f -+ O'O',p(’, Zf))
y  p(2F) = VW (Y) = Vol () = M(y - 2f)

optimal trajectory *

zZ; ® basis function
added expansively :

Srg THE UNIVERSITY OF
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Basis adaptation

Max-plus Update B, S S ——
eigenvector & -

method ¥

i Power iteration
value function approx. i ?ryc
v Adaptive max-plus
, eigenvector method
Error i Approximate Ham. : 5
estimation Foval <at
€oo i convex : hull
e ¥  FA— "
Tessellate

O hiones B Basis adaptation
polyopes “WOrSE-Case” | susss————n:

R

Sort polytopes L) 23S L Evolve “worst-case” basis
SR o~ functions function locations

H H

H

b LR
.

new i locations
W

>
a.
Q.
== |
2
o
»
s
"
=
=
N
(=5
(o]
= |
(%]
T

BAEHVE: | 3 csmaa "3

Prune inactive basis
functions

S PP

P L L L L LTy Oy

functions

[D.] “An adaptive max-plus eigenvector method for continuous time
optimal control problems.” In Numerical Methods for Optimal
Control Problems, Ed. Falcone et al., Springer, 2018.

[D.] “Basis adaptation for an eigenvector method arising in optimal ™y, THE UNIVERSITY OF
control” Proc. MTNS (Hong Kong), 2018. 0 MELBOURNE




Examples

E | £ i e oo | 226 1 +% tan—1(3£2/2)] )
xampe S = J(%) + s F&) ( 5 &1 — 36 exp(—£1/3)

nonlinear dynamics

1(€) = 1€ =1 M==01Z o = 0.05

# basisfns =9

7

- # basisfns =9

# steps = 1
0.5
basis & tessellation Hamiltonian

# new basis functions per step = 4

PR S 5‘3 THE UNIVERSITY OF
. ). MELBOURNE



Examples

Example

nonlinear dynamst %
| ¢ 3 | 5y = 0.05

\»__ _»/ '.

fbasisins =9 #basisfns =68 # basis fns = 129

fsteps =1 #steps = 16 # steps = 31

’
# basis fns = 189 foasisng =249 poasising =205 -
# steps =46 # steps =681 * # steps =76
.4 ’; '
poasising =965  ~. posising =990 . pohsising =390 -
# steps =91  * # steps =106 *, . # steps =121 *,

s &7 THE UNIVERSITY OF
velllaiiiai &5 MELBOURNE



Examples

Fhasisins =9 Fhasisins =t Fbasisns = 129

Example

of
% ,‘ f

/ 0//
' 20 0y M " \ :\\\\\\
f,::::..:\«“. i i

\\\\\\ \ {l
“ H \ .
\» \:\\\\\ h t‘ iy |

nonlinear dynamics

0“’."& "\‘({\“\ 9"\\'\\\\,‘“,

| ;0' Y‘ \t

X YR .
(. C{”’}t aCtiel ISTICS ,\'

&1\7‘5 THE UNIVERSITY OF



Optimal control problem

oW,
dt

HBPDE 0= (z) + H(z, VWi (z)) Wr(z) = ¥(x)

characteristic
flow

minimax solutions

optimization
methods

&1\’5 THE UNIVERSITY OF
¥.3 . MELBOURNE



Optimization methods

H|B PDE fi= —8(,?? () + H(z, VWi (x)) Wr(z) = ¥(x)

-+ unique minimax solution of H|B PDE [Subbotin] Springer 1995

T
Wi(z) = inf < U(zp) +/ (ps, VpH(zs,0s)) — H(zs,ps) ds
t

preER™
optimization over with fEs = —VpH(:vs,ps) Ty =T
characteristics S .
Ps = va(xs’ps) & siven
[Darbon, Osher, et al] arXiv 2017 one optimization problem per initial state

[Yegorov, D.] AMO 2018
Theorems 2.13 & 3.8

initial states

T € { %; }biez

curse-of-dimensionality

parallel computation

: 5‘3 THE UNIVERSITY OF
sampled approximation of value function ¥.3 . MELBOURNE



HJB PDE

Optimization methods

/t(il?)z sup Jt(x,u) e.g. Eikonal equation

ue [t,T)] [Darbon, Osher, et al] arXiv 2017
[Yegorov, D] AMO 2018

cost Ji(z,u) = ¥(z7) U(x) = %((:zr,A:z:)Rn —1)
A= (hdg(% i %, e %) e R™X"
dynamics T = E T s€lt,T] ==

us € U={uelR": |ul <1}

c(z) =1+ 3 exp(—4|z— (1,1,0,--- ,0)|3.)

Hamiltonian H(z,p) = — sup{p, c(z) u) = —c(z) |p|

ucl
oW,
Di=— 3tt (z) = c(z) [V Wi(z)| Wr(z) = ¥(z)
(t,z) € [0, T] x R®
curse-of-dimensionality @7 THE UNIVERSITY OF
i;j MELBOURNE



Optimization methods

‘ Value Wi(x) = sup Ji(z,u) e.g. Eikonal equation
ue [t,T)] [Darbon, Osher, et al] arXiv 2017

[Yegorov, D.] AMO 2018

oW,
ot

Wr(z) = ¥(x)
(t,2) € [0,T] x R

HBPDE 0= (z) — c(z) |V Wi(z)|

State space dimension n = 2 T—-t=0.5
Generalized Hopf Finite difference Error
0.1
'g )‘: 0.08
-~ b 0.06 _
g o e il x o -
Z 05 LY ; 0 L
-l)g .og ¥ 33.: i
15 L5 0.06 &
1 1 15
3 1
2 2 0 2 3
a 0~ p 2
5 xs X 0.5 1 l - 1 0 2
-3 : ‘15 - N
Level sets of Vyg Level sets of Vi
1.5 15
1 1
0.5 0.5
= 0 < 0
05 0.5
1 1
-1.5 -15 g THE UNIVERSITY OF
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3 &\
X1 X Ly MELBOURNE



Optimization methods

Value W, (:l?) = sup J; (:13, u) e.g. Eikonal equation
ue [t,T)] [Darbon, Osher, et al] arXiv 2017
[Yegorov, D.] AMO 2018

BWt Wr(z) = ¥(x)
HBPDE 0=-———(2)—c(x)|V.Wi(x)| . .
ot (t,z) € [0,T] x R
State space dimension n =25 T—-t=0.5
Generalized Hopf too hlgh r grid based methods
18—
3.5 1
3
2.5 0.5
g 2 —
F 15 0 R
0.5
0 -0.5
15
1 . -1
05 3 _evaluated on the plane z3 =14 =75 =0 _
0 1 -1.5 o 2
Xy 0.5 0 -3 -2 -1 0 1 2 3
o1 2 -1 X4 xl

15 5

® [Yegorov, D.] “Perspectives on characteristics based curse-of-dimensionality-free numerical approaches
to solving Hamilton Jacobi equations.” AMO, 2018.

® [Yegorov, D., Grune] “Synthesis of control Lyapunov functions and stabilizing feedback strategies using _
exit time optimal control.” arXiv:1906.02703, 2019. &“Z‘j THE UNIVERSITY OF

~% MELBOURNE




Optimal control problem

oW,
dt

HBPDE 0= (z) + H(z, VWi (z)) Wr(z) = ¥(x)

semiconvex
relaxation

game & DREs

relaxation
methods

7 'ii:
7

-~
/.7
¢

&1\’5 THE UNIVERSITY OF
¥.3 . MELBOURNE



Relaxation methods

Val Wi(x) = (S7—:¥)(x) = inf Ji|V|(z,u
e t(z) = (S7—+¥)(2) e[t T] o[ P] (2, u)
T e Pe = Ag s + B Us
Tl 'u.) = / l(:lfs) + % (g, Mug)ds + \I’(;ITT) ( linear dynamics )
Jt :

oW,
ot

HJB PDE ; Wr(z) = ¥(x)

0=—

(z) — Uz) — (VWi (2), Arz) + 5 (Vo Wi(z), Be M~ B, VW, (z))

non-quadratic but semiconvex L
eg - gravitational N-body pr?blem v
( least action formulation®) ™.
state constrained optimal control
{ etcii)

semiconvex relaxation — decomposition into LQR problems i? A’A”EL‘B'Z;‘UE‘I\;E



Relaxation methods

N, Value  Wi(z) = (Sp—:¥)(z) = inf J[V](x,u)
o ¢ uE%[t,T]
T
Je(m) = / Wzs) + 5 (us, Mug)ds + V(zr)
Jt
N L
| SN . [ olp) pel0,6?) ¢ convex
lllustration l(z) = Zl vi®ogi(z), @(p)= { 100 otherwise . ]iTIII}’ o(p) = +oc
i= pTb?
N
A, =0 Z”‘i =1, gqi(z)={(z—-Zi Ei(z—1Z:)), E; e RL"
B =1 = z; € R"
b=l V(@)= 3(z—2P(z-2), P eRY"
2 E R"

oW, =
0=-— att (l‘) 3 ; V; d o qz(ilf) H- % |Vth($)|2 ‘/VT(SE) = % (:C -z, Pr (:C ok z))

semiconvex relaxation — decomposition into LQR prol

5{?5’ THE UNIVERSITY OF
22 MELBOURNE



Relaxation methods

/‘G:_;;___._-'_'_‘.'-—'-: 5 a W N
/’7-"" =t att (z) = Z v; ® o gi(x) + 5 |[VaWi(z)]? Wr(z)=1(x—2z Pr(z—2))
=

cdl ':'vl. 4 50 ¢

ellipses

20

0, NI L f 30l /,

ad_fmfis'sible region

x2

%N - -10

-50 !

i’? THE UNIVERSITY OF
3. MELBOURNE



Relaxation methods

S NN N
d 7 | _8att (z) — E v; ®oq(z)+ % Vo We(2)|?  Wr(z) =1 (x -2 Pr(z—2))

# i=1
®(p) = { (:(f! f:ﬂ:(:)“i:() : convex duality a(8) = Sug {pB—9(p)} Vpe R4 (0)
=4 2 pER
®(p) = sup {pB—a(B)} = sup {a,_l(a)p — a}
B=¢'(0) az—¢(0)
R I l { =1 paress ) n
elaxation (] — v, sup ia  (a;)q(x) — a4 VreR
i=1 ol = — ¢(0)
N
M@E)y=) vi sup {a7'()aqi(z) — o)
§=1 aiE["d’(O): j\I]
: i A, . 59 aocq Oq,( ), qilx) < b
- with optimizers @] (z) = arg max {(1, (i) qi(x) — v } = a2} > i

a; =2—¢(0)

. 5 i(x) € [0, p(M)
aM*(z) = argmax {a You) gi(z) — o } = &8 Oq’( ) '_1’(:? € [0, p(M)]
: ; gi(x) € R 50

(.t,'E[—Q)(U)..'\[] =p(M)

pM) = (¢') Loa Y (M) i?j THE UNIVERSITY OF
¥ MELBOURNE



Relaxation methods

S Convergence  lim (M (z) = sup M (2) = I(z) VzeR"
/ M — o0 M=>0

M(z) M e[1,10%
40| M=10000

20 N

N

- . . : —— \‘_..
—— N
: _,_-:-’~; = "*‘&'KQ&\(SQ‘S of l 1

x2
o

- \ -___.-—-"'Y_ sl
X3 5\ _— 0

i""/ THE UNIVERSITY OF
%22 MELBOURNE



Relaxation methods

. WireN o M
Sy Wi(z) = inf Ji(z,u) W (= o ()
ue (t,T) ue (t,T)
( value) : ( approximation )
Approx ’
; M 2
PP J{”(a:,u) = / I (xs) + % lug|“ds + % (x; — 2z, Pr(xz — 2))
cost Ji
N
with approx. relaxation M (z) = Z Vi sup {a._l(ai) gi(z) — a;}
7 aig[—¢(0), M]
G i
ame 1 2 1
T = / U(ws,s) ds + Ll ez + & (@ — 2, Pr (2 — 2))
payoff t
N
measurable selection v(z, &) = % Z Vi [‘f‘_l(f“‘:) gi(x) — &)
i=1
Approximate  W¥(z)= inf ~ sup Ji(z,u,0) a € M[0,1] = C([0,1]: [-6(0), M]™)
ame ue% [t T) e M [£,7T] -
g u€ 2Z|0,t] ( open-loop actions )
( lower value ) W{w (@)=" sup inf  Ji(z,u,a)

€A M[t,T] uE%(t,T)

i?' THE UNIVERSITY OF
¥ MELBOURNE



Relaxation methods

~

e X _ . M . . M
N Wi(x) = inf Ji(z,u) W (@)= bt (. )
g uE [t,T) ue€¥ [t,T]
:',/'
( value) : ( approximation )
Approximate game W) = Wt“'{(m) = sup inf Ji(x,u,a)
upper and lower values are equal Q€A Mt T| WEX[t.T]

lower value
u — Ji(x, u, @) is quadratic

LQR 1o oy wi : — 1 £ P(t £
problem i &) = i ) Jel@ ) = <( 1 ) ( ! )>
e Be =V P o e
x PI' I _PI Z
£ _(—(PTz)’|z’PTz) €

o E; | —E; T _ Onxn | 0
V Zyz [Ql ( _(E-i i‘i)’ i: E; z; ) + v; ( 01". | _[ai]s )
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Relaxation methods

. j
—\

Optimal trajectory

S.L

. M . . M
inf Ji(x,u W (z) = inf J;"(z,u)
ue¥ [t,T) (2 ) e we%[t,T)
APPrOXimate WtM (:L‘) - th‘f () — sup inf  Ji(x,u,«) ( lower value )
game aEdM[t,T] ue[t,T)
= P e ol T e ) n e T30

z* € C([t, TELR®) N CL((t, T); R™)

( self-adjoint matrices )

*

:z:;=_(1n|on)13;(31s> T =z

2 an M o ~ P —Prz
o et (8% (:L‘s) S e * - T | T
_Ps = Vs o Ps Ps r ( —2' Pr l 2! Prz
N
5 . = Ez _Eé ji On n O'n
where V=) wa 1([“‘]“)( —(E:z:) I 7 E; 7, )JHI"( 0, I —[ai] )
e | B . ‘1 1 2 T 118

sMegoy o =1 . ac¢'ogi(z) gi(z) € [0,p(M)]
@; "(z) = argmax {a (a;)qi(z) —oa;} = {
@) ai€[—9(0),M] { ) } M 2i(z) € R 50
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Relaxation methods

RN . ) -1 2 sir 167 s ) . 1
/_ﬁ._,;_-.-—'-"' '> :’CS — AS :BS + BS uS ‘,15 = ( + 5 '5111( t ) ).‘ B5 2 ( 0 )

Constraints inactive

- -—-—-

s € [0,4]

=0 Penalty negotiating player |

aco - | . non-quadratic cost encoded via
i penalty negotiating player

100 - .

8000
6000 |
4000

2000 -
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Optimal control problem

HBPDE 0= -"0"() + H(, VaWila)  Wr(a) = ¥()
HjBPDE 0 — %( ) + H(z, Vo Wi(z)) Wo(z) = ¥(z)

max-plus
methods

optimization relaxation
methods methods

diwm ns -'.461-. "

Inlqn-.liq .
sparse finite optimization over decomposition into
elements characteristics LQR problems
[D., McEneaney] [D.,Yegorov, Grune] [D., Basco, McEneaney]

infinite horizon
non-convex constraints
fundamental solutions
infinite dimensions
Sr THE UNIVERSITY OF

%22 MELBOURNE

® error analysis ® higher dimensions

® min-plus, stat duality ® generalization to stat

® Hessian adaption e fundamental solutions

® infinite dimensions ® interpolation & sparse grids
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“Sparse approximation methods for optimal control”
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