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Research into Enhanced Numerical Methods for MPC

Diesel Engine Control Autonomous Vehicle Control

Maneuver Load Alleviation Asteroid Landing

Agile Satellite Attitude control 

Debris Avoidance 
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Newton and Newton-Kantorovich Methods
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Newton and Newton-Kantorovich Methods
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Newton-Kantorovich Methods for Constrained NMPC
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Newton-Kantorovich Methods for Variational Inequalities

1Dontchev, Huang, K., and Nicotra,  “Inexact Newton-Kantorovich Methods for Constrained Nonlinear Model 
Predictive Control,” IEEE Transactions on Automatic Control, 64(9), 3602-3615, 2019.
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Newton-Kantorovich Methods for Constrained NMPC

1Dontchev, Huang, K., and Nicotra,  “Inexact Newton-Kantorovich Methods for Constrained Nonlinear Model 
Predictive Control,” IEEE Transactions on Automatic Control, 64(9), 3602-3615, 2019.
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Numerical Simulations: 3DOF Spacecraft Attitude Control
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Numerical Simulations: Spacecraft Attitude Control
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Sensitivity-Based Warm-Starting Techniques for MPC
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Integrated Perturbation Analysis and SQP (IPA-SQP1)

1R. Ghaemi, J. Sun,  and K., “An Integrated Perturbation Analysis and Sequential Quadratic Programming Approach for 
Model Predictive Control,” Automatica, 45:2412-2418, 2009.      2Park, et. al., IEEE TCST, 2015. 
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Predictor Based on Semiderivative of Solution Mapping



14
D. Liao-McPherson, M. Nicotra,  A. Dontchev,  K., and V. Veliov, ``Sensitivity-based Warm-starting for Model Predictive Control 
with Polyhedral State and Control Constraints,” IEEE TAC, provisionally accepted, 2019, https://arxiv.org/abs/1906.11363 

Predictor Based on Semiderivative of Solution Mapping
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6DOF UAV Model Simulations
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6DOF UAV Model Simulations
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The FBRS1 Method for Convex Quadratic Programming
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The FBRS Method for Convex Quadratic Programming
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1D. Liao-McPherson, M. Huang,  and  K., ``A Regularized and Smoothed Fischer-Burmeister Method for Quadratic 
Programming with Applications to Model Predictive Control,” IEEE TAC 64(7): 2937-2944, 2019. 

The FBRS1 Method for Convex Quadratic Programming
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The FBRS1 Method for Convex Quadratic Programming
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Numerical Experiments1

1D. Liao-McPherson, M. Huang,  and  K., ``A Regularized and Smoothed Fischer-Burmeister Method for Quadratic 
Programming with Applications to Model Predictive Control,” IEEE TAC 64(7): 2937-2944, 2019. 
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Application1: Diesel Engine Control

1D. Liao-McPherson, M. Huang, S. Kim, M. Shimada, K. Butts, and K., ``Model Predictive Emissions Control of a Diesel Engine Airpath:
Design and Experimental Evaluation,” IJRNC, provisionally accepted, 2019. 
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Diesel Engine Control: Experimental Results
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FBstab1,2: Proximally Stabilized Fischer-Burmeister Method 

1D. Liao-McPherson and K., “FBstab: A Proximally Stabilized Semismooth Algorithm for 
Convex Quadratic Programming,“ https://arxiv.org/abs/1901.04046

2Matlab implementation: https://github.com/dliaomcp/fbstab-matlab

C++ implementation forthcoming later this month

https://github.com/dliaomcp/fbstab-matlab
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Numerical Results: Dense Problems
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Numerical Results: Sparse Problems
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M. R. Amini, H. Wang, G. Xun, D. Liao-McPherson, K., and J. Sun, “Cabin and Battery Thermal Management of Connected and Automated HEVs 
for Improved Energy Efficiency Using Hierarchical Model Predictive Control,” IEEE TCST, https://ieeexplore.ieee.org/document/8754762, 2019

Energy Efficient Climate Control (Eco-Cooling) in CAVs
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Semismooth Predictor-Corrector

Lagrangian:

𝐿 𝑤, 𝜆, 𝑣, 𝑥 = 𝐿 𝑧, 𝑥 = 𝑓 𝑤 + 𝜆𝑇𝑔 𝑤, 𝑥 + 𝑣𝑇𝑐(𝑤)

Parameterized state and 

control-constrained OCP

min
𝑤

𝑓 𝑤

𝑠. 𝑡. 𝑔 𝑤, 𝑥 = 0

𝑐 𝑤 ≤ 0
𝑥 = given parameter

KKT Necessary Conditions

𝛻𝑤𝐿 𝑤, 𝜆, 𝑣, 𝑥 = 0

𝑔 𝑤, 𝑥 = 0

𝑐 𝑤 ≤ 0, 𝑣 ≥ 0 , 𝑐 𝑤 𝑇𝑣 = 0
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Semismooth Predictor-Corrector

Root finding problem

𝐹 𝑧, 𝑥 =

𝛻𝑤𝐿(𝑧, 𝑥)
𝑔(𝑤, 𝑝)

𝜓 −𝑐1 𝑤, 𝑥 , 𝑣1
⋮

𝜓 −𝑐𝑞 𝑤, 𝑥 , 𝑣𝑞

= 0

Solution mapping:

𝑆 𝑥 = 𝑧 𝐹 𝑧, 𝑥 = 0}

Nonlinear complementarity function

(NCP)  𝜓:ℝ2 → ℝ

𝜓 𝑎, 𝑏 = 0 ⇔ 𝑎 ≥ 0, 𝑏 ≥ 0, 𝑎𝑏 = 0

𝜓 𝑎, 𝑏 = 𝑎 + 𝑏 − 𝑎2 + 𝑏2

Example: Fischer-Burmeister function
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Semismooth Newton’s Method

Semismooth Newton’s Method

𝑧𝑖+1 = 𝑧𝑖 − 𝑉𝑖
−1𝐹 𝑧𝑖 , 𝑥 ,  𝑉𝑖 ∈ 𝜕𝐹(𝑧𝑖 , 𝑥)

This converges quadratically, i.e.,

𝑧𝑖+1 − 𝑆 𝑥 ≤ 𝜂 𝑧𝑖 − 𝑆 𝑥
2

Fischer 1992, Qi et al. 1993

Clarke’s Generalized Jacobian

How to solve 

𝐹 𝑧, 𝑥 = 0?
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Semismooth Predictor

Directional derivative predictor

𝑧𝑖+1 = 𝑧𝑖 + 𝑆′ 𝑥; Δ𝑥

Directional derivative

What if 𝑥 changes 

from 𝑥 → 𝑥 + Δ𝑥?

Since 𝑆 𝑥 = 𝑧 𝐹 𝑧, 𝑥 = 0}

𝑆′ 𝑥; Δ𝑥 = −𝑉−1𝐵Δ𝑥,

𝑉 ∈ 𝜕𝑧𝐹 𝑆 𝑥 , 𝑥 , 𝐵 ∈ 𝜕𝑥𝐹(𝑆 𝑥 , 𝑥))
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ҧ𝑧𝑘+1

(𝑧𝑘+1, 𝑥(𝑡𝑘+1))

Corrector:

𝑧𝑘+1 = ҧ𝑧𝑘+1 − ത𝐵𝑘+1
−1 𝐹 ҧ𝑧𝑘+1, 𝑥𝑘+1

ത𝐵𝑘+1
∈ 𝜕𝑧𝐹 ҧ𝑧𝑘+1, 𝑥𝑘+1

Semismooth Predictor-Corrector1,2

Implicit curve

𝐹 𝑧, 𝑥(𝑡) = 0

(𝑧𝑘 , 𝑥(𝑡𝑘))

Predictor:

ҧ𝑧𝑘+1
= 𝑧𝑘 − 𝐵𝑘

−1𝑉𝑘Δ𝑥𝑘
𝐵𝑘 ∈ 𝜕𝑧𝐹 𝑧𝑘 , 𝑥 𝑡𝑘
𝑉𝑘 ∈ 𝜕𝑥𝐹 𝑧𝑘 , 𝑥 𝑡𝑘

1D. Liao-McPherson, M. Nicotra, and K., “A semismooth Predictor Corrector Method for Suboptimal Model Predictive 
Control,” Proc. of ECC, 2019; 2D. Liao-McPherson, M. Nicotra, and K., “A Semismooth Predictor-Corrector Method for 
Real-Time Constrained Parametric Optimization with Applications in Model Predictive Control,” Proc. of CDC, 2018.
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Semismooth Predictor-Corrector

Define:

𝑒𝑘 = 𝑧𝑘 − 𝑆 𝑥𝑘 , Δ𝑥𝑘 = 𝑥𝑘 − 𝑥𝑘−1

Error bounds1:

|| ҧ𝑒𝑘|| ≤ 𝑒𝑘−1 + 𝑐 Δ𝑥𝑘
2

𝑒𝑘 ≤ 𝜂 ҧ𝑒𝑘
2

Provided 

• Δ𝑥𝑘 , 𝑒𝑘−1 are small enough

• 𝑆 𝑥 is locally Lipschitz

• Quadratic convergence rate

• Updates require linear system 

solutions only

• Matrices are guaranteed to be 

invertible near regular solutions

1D. Liao-McPherson, M. Nicotra, and K., “A Semismooth Predictor-Corrector Method for Real-Time Constrained 
Parametric Optimization with Applications in Model Predictive Control,” Proc. of CDC, 2018.



34

Analysis of Suboptimal MPC with Fixed Number of Iterations

Plant
𝑥𝑘+1 = 𝑓(𝑥𝑘 , 𝑢𝑘)

MPC
𝑢𝑘
∗ = 𝜅(𝑥𝑘)

𝑥𝑢
+

𝑢∗

Optimizer Error
𝑒𝑘+1 = 𝐺 𝑒𝑘 , Δxk

𝑑𝑘 = 𝐻𝑒𝑘

Δ𝑥

𝑑
The error dynamics obey:

𝑒𝑘 ≤ 𝜂2
ℓ−1 𝑒𝑘−1 + 𝑐 Δ𝑥𝑘

2 2ℓ

ℓ: number of corrector steps
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Analysis of Suboptimal MPC with Fixed Number of Iterations

Optimizer Error
𝑒𝑘+1 = 𝐺 𝑒𝑘 , Δxk

𝑑𝑘 = 𝐻𝑒𝑘

Ideal closed-loop
𝑥𝑘+1 = 𝑓𝑐 𝑥𝑘 , 𝑑𝑘
Δ𝑥𝑘 = ℎ(𝑥𝑘 , 𝑑𝑘)

Δ𝑥𝑑

𝑓𝑐 𝑥, 𝑑 = 𝑓 𝑥, 𝜅 𝑥 + 𝑑 ℎ = 𝑓 𝑥, 𝑑 − 𝑥

𝑑
∞
≤ 𝛾2 Δ𝑥

∞
, ℓ

𝛾2 ∈ 𝒦ℒ
Monotonically decreasing in ℓ

Δ𝑥
∞
≤ 𝛾1 𝑑

∞

𝛾1 ∈ 𝒦
Limon et al. 2009
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Analysis of Suboptimal MPC with Fixed Number of Iterations

Optimizer Error
𝑒𝑘+1 = 𝐺 𝑒𝑘 , Δxk

𝑑𝑘 = 𝐻𝑒𝑘

Ideal closed-loop
𝑥𝑘+1 = 𝑓𝑐 𝑥𝑘 , 𝑑𝑘
Δ𝑥𝑘 = ℎ(𝑥𝑘 , 𝑑𝑘)

Δ𝑥𝑑

𝑓𝑐 𝑥, 𝑑 = 𝑓 𝑥, 𝜅 𝑥 + 𝑑 ℎ = 𝑓 𝑥, 𝑑 − 𝑥

System is asymptotically stable if

𝛾1 ∘ 𝛾2 𝑠, ℓ ≤ 𝑠, ∀𝑠 ≥ 0
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Asymptotic Stability with Suboptimal MPC

Optimizer Error
𝑒𝑘+1 = 𝐺 𝑒𝑘 , 𝛥𝑥𝑘

𝑑𝑘 = 𝐻𝑒𝑘

Ideal closed-loop
𝑥𝑘+1 = 𝑓𝑐 𝑥𝑘 , 𝑑𝑘
Δ𝑥𝑘 = ℎ(𝑥𝑘 , 𝑑𝑘)

Δ𝑥𝑑

Consider the system below if:

• The system under the optimal 

MPC control law is LISS

• Solution mapping is Lipschitz 

continuous 

Then ∃ℓ∗ < ∞ such that if ℓ ≥ ℓ∗

corrector iterations are performed 

• The system is locally 

asymptotically stable

• A region Ω × ℰ of the origin can be shown to exist such that if ℓ ≥ തℓ
and initial condition is in Ω × ℰ then constraints will be satisfied.
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Worst case 

execution times:

SSPC: 0.0371 s

fmincon: 1.41 s

IPOPT: 0.9701s

3DOF Spacecraft Attitude Control: Numerical Simulations
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Symbolic code optimization

K. Walker, B. Samadi, M. Huang, J. Gerhard, J., K. Butts, and K., "Design environment for Nonlinear Model Predictive 
Control," SAE Technical Paper 2016-01-0627, April, 2016, SAE World Congress, doi:10.4271/2016-01-0627
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Developments in Computational Approaches for Model Predictive Control

Speaker: Ilya Kolmanovsky, Department of Aerospace Engineering, The University of 

Michigan

Abstract: Model Predictive Control (MPC) leads to algorithmically defined nonlinear feedback 

laws for systems with pointwise-in-time state and control constraints. These feedback laws 

are defined by solutions to appropriately posed dynamic optimization problems that are 

(typically) solved online. The talk will provide an overview of recent research by the presenter 

and his students and collaborators into several computational strategies for MPC. These 

strategies include Newton-Kantorovich inexact methods, sensitivity-based warmstarting

which exploits predicting changes to a parameterized optimal control problem based on 

semiderivative of the solution mapping, improvements to semismooth methods for solving 

convex quadratic programs, and semismooth predictor-correct methods for suboptimal MPC. 

Potential for implementation and impact on applications such as engine control, thermal 

management of cabin and battery in connected and automated vehicles, and spacecraft 

control will also be discussed.
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Model Predictive Control (MPC)


