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Introductions Primal-Dual Optimization Splitting Numerical Results
e In this work, we apply a new splitting method based on the Primal Dual The PDHG algorithm [5, 3], which also goes by the name Chambolle-Pock [1], et Seatne of Nec st o 02 - s S5l s
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control (OC) and differential games (DG) problems, based on using the direct
collocation method, but with a Hamiltonian twist. i%%l f(Az) + g(z) oal

e This allow us to compute solutions at specified points directly, i.e. without
the use of grids in space. And it also gives us the ability to create trajectories

PDHG takes the Lagrangian dual formulation and seeks to find a saddle point:
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e Thus we are able to lift the curse of dimensionality a bit, and therefore com- |
pute solutions in much higher dimensions than before. And in our numerical where f*(y) = supyex {(%,y) — f(y)} is the convex conjugate of f. PDHG is also 005 |
experiments, we actually observe that our computations scale polynomially an alternating minimization technique that uses proximal operators. 1t iterates:
in time. Furthermore, this new algorithm is embarrassingly parallelizable. gl e
g g y p yk+1 — ([ 1 O‘af ) 1( —|— O'ACU ) Od 200 400 600 sooDirizggioizoo 1400 1600 1800 2000 5L - - : 1 2 3
. . . . . ot = (I +710g9) (a¥ — g A*yFH!) Linear scaling of computation time Seven-dimensional differential games
Hamilton-Jacobi, Optimal Control, and Differential Games TRl = gkl (Rt _ k). . .
versus dimension. problem
. . . . . 4. Position v.s. Time 1. Anglular position v.s. Time
o Th.e goal f)f thlmal C(.)IltI:Ol is to ﬁnd a control pohcy that will drive a system where o, 7 > 0 satisfy o7||A[|2 < 1, and 6 € [0, 1]. In practice, we put 0 = 1. P _ —
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e We start by discretizing the value function. This is the procedure followed : : DEM -
where x is the initial point, 7' is the terminal time, and u is the control. And in |2]: We have the value function equals 2 ; o [P |
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where J is a cost, which we minimize. Then we define the value function e S e Y8
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Under mild conditions on f, g, and L, this value function satisfies the A L crained ontimizat bl to the T .
terminal-valued Hamilton-Jacobi PDE (HJ PDE) s usual in constrained optimization problems, we compute the Lagrangian

function (i.e. Lagrange multipliers) to get:
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where H(x,p,t) = mingeca {{f(x,a,t),p) + L(x,a,t)}. X
. . . Note that the constraint ry = x is trivially unneeded in the Lagrangian | Ry S 1|
e A (two-person, zero-sum) differential game now has competing controls: , T it R
function. Then we minimize over {xz;}7_, while maximizing over {p;}:_, |
E ' ' ' ' ' ' 15 . : : : : '
x(s) = f(x(s),u(s),B(s),s), t<s<T and by moving the minimiziation with respect to {uj} ', we get, ' l = 0 ’ Y e 5 E’
x(t) = Twelve-dimensional quadcopter problem
N
and the performance function, r{naic }{”rxur]{ g(xo) + E (pj,z; —xj_1) + (DN, T —TN) — O E H(zj,pj,5s;)
Pj} 1Tk =1 . References
T
il B = 9((T)) + [ L(x(s). u(s). Bls) 5)ds. | - o | | | o
" e There is tremendous adva,ntage n havmg a Hamiltonian. This is because if |1] A. Chambolle and T. Pock. A ﬁrst—ordel.r prlmal—dual algorl‘ghm for convex problems with applica-
) .. . . i tions to imaging. Journal of Mathematical Imaging and Vision, 40(1):120-145, May 2011.
. we want to instead perform optimization of the value function directly, we | . . | S
and the value fU.IlCthIl, : : : : : . : [2] Y.-T. Chow, J. Darbon, S. Osher, and W. Yin. Algorithm for overcoming the curse of dimensionality
will be solving for the controls and this requires a constrained optimization for state-dependent hamilton-jacobi equations. UCLA CAM 17-16, Apr. 2017.
QO(.CI? t) inf sup  J, t[u \If[ll]] teChnique- [3] E Esser, X. Zhang, apd.T. F C.ha.n. A.gener.al framework for a class of ﬁrst. order primal-dual algo-
U[-]1€B(t) a(-)EA(t) . . . . o ] rithms for convex optimization in imaging science. SIAM Journal on Imaging Sciences, 3(4):1015—
The miraculous advantage of having a Hamiltonian for optimization pur- 1046, 2010.
poses 1S 1t encodes information from both the running cost function L, as |[4] A.T. Lin, Y. T. Chow, and S. Osher. A splitting method to compute solutions to possibly nonconvex

and the HJE PDE (Wthh satisfies the min max = max min COIlditiOIl), state-and-time-dependent hamilton-jacobi equations arising from optimal control and differential

well as the dynamlcs X(S) — f(X(S)7 11(8), S> And now we are free to perform games. To appear tn Communications in Mathematical Sciences, 2018.

o(x,T) = g(x) optimization by analytically minimizing over u, and conjuring the Hamilto- restoration. UCLA CAM, 2008.

{ 5’1590( t) + max,e A mlnbEB {< (I, a, b) t)) szﬁ(l‘, t)> + L(I, a, b’ t)} — 0 unconstrained optzmzzatzon. PhlS, we lower the dimension of the numerical 5] M. Zhu and T. Chan. An efficient primal-dual hybrid gradient algorithm for total variation image
nian.



