9 Relations

9.4 Closure of Relations

The closure of a relation is with respect to a property of the relation:

1. Reflexive closure of R: the reflexive relation S such that R C S, and |S] is the
smallest among all such possible relations
How do we find reflexive closure S?7

e Define the diagonal relation A = {(a,a)| Va € A}. Then S = RUA

2. Symmetric closure of R: the symmetric relation S such that R C S, and |S] is
the smallest among all such possible relations
How do we find symmetric closure S7

e Define the inverse relation R~ = {(b,a)| ¥(a,b) € R}. Then S = RUR™!

3. Transitive closure of R: the transitive relation S such that R C S, and |S| is
the smallest among all such possible relations
How do we find transitive closure S?

e Define a path of length n from a to b in a directed graph is a sequence of
n edges (a,a1), (a1,az), (az,as),...,(a,—1,0) In > 2. We can denote the
path just by the vertices: a,ay,as,...,a,_1,0

A circuit is a closed path, i.e. a =05
(a,b) € R™ iff 3 an a — b path of length n

S = R*, where the connectivity relation R* = |J)~, R", i.e. it consists of
all elements (a, b) such that there is an a — b path.

The associated matrix, Mg« = Mgr V Mg} Vv Mg’} V...V MI[%n], where
AP is the Boolean product A® A = (@ ANarj)V(aig Aagj) V-V (Qin Aanj)
APl is the Boolean product A® ® A and so on

ALGORITHM 1 A Procedure for Computing the Transitive Closure. 5; coriTHM 2 Warshall Algorithm.

procedure transitive closure (Mg : zero—one n X n matrix) procedure Warshall (Mg : n x n zero—one matrix)
A :=Mpg W:=Mpg
B:=A fork:=1ton
fori:=2ton fori:=1ton
A:=A0OMg for j:=1ton
B:=BVA Wij i = Wij V Wik A ij)
return B{B is the zero—one matrix for R*} return W{W = [w;;] is Mg+}

(a) Algorithm 1 (b) Alg 2: Warshall’s Algorithm
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